The boundary integral equation method (BIEM) is now widely used in numerical studies on earthquake rupture dynamics, and is proved to be a powerful tool to deal with problems on complex fault system. However, since this method heavily lies on the specific forms of Green's function and only the Green's function in full-space has a closed analytic expression, it is usually limited to a full-space medium. In this study, as a first step to extend this method to an arbitrary complex fault system in half-space, the boundary integral equations (BIEs) for dynamic strike-slip on vertical complex fault system in half-space are derived based on exact Green's function for isotropic and homogeneous half-space. Effect of the geometry of the complex fault system are dealt with carefully. Final BIEs is composed of two parts: contribution from full-space, which has been thoroughly investigated by Aochi and his co-workers by using the Green's function for full-space, and that from free surface, which is studied in detail in this study.
Introduction
Large devastating earthquakes usually occur along with extensive breaks on surface. Taking the large earthquakes occurred in China in the past decade as an example, we can find the 1999 M W 7.6 Chi-Chi (Taiwan) earthquake caused more than 100 km surface rupture on Chelungpu fault (Shin and Teng, 2001) , the 2001 M S 8.1 Central Kunlun earthquake produced nearly 400 km surface rupture zone (Lin et al, 2002) , and the 2008 M S 8.0 Wenchuan earthquake caused about 240 km and 72 km surface ruptures on Beichuan-Yingxiu fault and Guanxian-Jiangyou fault, respectively (Xu et al, 2008 ). On such a long distance, the rupture will never propagate on a single fault plane. For example, field investigations show that the Wenchuan earthquake ruptured two NW-dipping imbricate reverse faults along the problems on complex fault system. In recent years, the BIEM has been successfully applied not only to the dynamic problem on parallel faults system (Yamashita and Fukuyama, 1996; Kame and Yamashita, 1997) , which has usually been investigated by the FDM (Harris et al, 1991; Day, 1993, 1999) , but also to the dynamic propagation and fault interaction problems on vertically intersecting faults and arbitrarily curved faults (Koller et al, 1992; Bouchon and Streiff, 1997; Kame and Yamashita, 1999; Tada and Yamashita, 1997; Aochi et al, 2000 Aochi et al, , 2005 Tada et al, 2000; Aochi and Madariaga, 2003) .
However, the medium models in most studies based on the BIEM have been limited to elastic full-space, because the BIEM depends heavily on the Green's function, and only the Green's function of full-space has a closed analytic form, which is crucial for the simplification of the boundary integral equations (BIEs). Full-space model is a good approximation for cases in which the faults are buried at some depth (Oglesby et al, 2000; Zhang and Chen, 2006b ), but it is invalid for a large number of great earthquakes in which the ruptures run directly to the free surface and there exists strong interaction between the fault and the free surface (see, e.g., Nielsen 1998) . In view of this, Aochi and his co-workers approximated the effect of free surface Aochi and Madariga, 2003) by applying the image method (Quin, 1990) and studied dynamic rupture propagation on vertical strike-slip fault system. However, the image method cannot produce exact solutions. If the symmetry of the problem is broken, this method cannot be applied at all.
On the other hand, Zhang and Chen (2006a) and Chen and Zhang (2006) extended the BIEM (shortened to "EBIEM" for simplicity) to strictly including the effect of free surface in the solution by introducing the exact Green's function for half-space. All the singularities, including hypersingularities, are removed carefully by a two-step separation scheme and an algorithm to accelerate computation of multiple oscillatory integrals is presented. Recently, Zhang and Chen (2009) proved that contribution of direct waves to the Green's function for a half-space expressed in a cylindrical coordinate system is strictly equivalent to the well-known analytic Green's function for full-space (Aki and Richards, 2002) . Since all of the hypersingularities in BIEs come from the direct waves and contribution of direct waves can be evaluated analytically, this result is very useful in the simplification of the EBIEM. Although the EBIEM can be used to strictly solve dynamic propagation on arbitrarily complex fault system half-space in principle, it is applied to planar fault with a rectangular shape up to now. To consider both the effects of free surface and fault geometry, it is necessary to further extend the EBIEM to complex fault system. It is not an easy task because of the complexity in mathematics.
As a first step to this goal, the BIEs for a special nonplanar fault system (i.e. a vertical piecewise planar fault) embedded in half-space are strictly derived based on the exact Green's function for half-space in this study. According to Zhang and Chen (2009) , the kernels in the BIEs can be separated into two parts: contributions from direct waves, which are exactly equal to those computed based on full-space Green's function (Aochi et al, 2000 Aochi and Madariaga, 2003) , and contributions from free surface, which will be treated carefully in this study.
Model setting and symbol convention
It is difficult to deal with general problems which are involved with both effects free surface and arbitrary geometry of complex fault system. In view of the complexity in mathematics, we consider a fault system consists of vertical piecewise planar faults for simplicity ( Figure 1 ). Slip is restricted in the horizontal direction, i.e., only strike-slip is permitted. Since we are interested in the influence of free surface on the dynamic ruptures, and it is shown in some studies that the effect of free surface can be neglected for buried faults with depth greater than 1 km (Oglesby et al, 2000; Zhang and Chen, 2006b) . We suppose here that all the subfaults intersect the free surface.
As illustrated in Figure 1 , vertical subfaults in grey intersect the free surface Π with trace (thick line). Two set of coordinates O-x 1 x 2 x 3 and
are built up for observation point and source point, and quantities expressed in these two coordinates are denoted without and with apostrophe, respectively. For example, Δu and Δu′ represent slip in observation coordinate system and source coordinate system, respectively. Axes x 3 and 3 x′ are perpendicular to Π, and x 1 and 1 x′ are in the direction of the local strike. Coordinate of observation point and source point are denoted by x i and ξ i (i=1, 2, 3), respectively. B is the starting point of the trace. The fault system consists of Q subfaults. Starting from point B, The following conventions are used. Subscripts or superscripts in Roman letters (i, j, k, ⋅⋅⋅) run over 1, 2 and 3, while those in Greek letters (α, β, ⋅⋅⋅) run over 1 and 2. Summation convention is applied. Quantities in frequency domain are represented in (⋅~ ). Derivatives with respect to x i and ξ i are marked as ∂ i (⋅) and (⋅), i , respectively. Vectors are written in bold italic letters. Note that in some cases, the same letter will have different meanings. For example, k denotes the serial number of time in discrete BIEs, while it also denotes horizontal wavenumber in Green's function somewhere else. However, the meaning can be inferred from context without confusion.
General boundary integral equations
In this section, based on the representation theorem in general form, the general traction BIEs, which is independent of the specific forms of the Green's functions, are established.
Starting from the representation theorem expressed in observation coordinate system (e.g., Aki and Richards, 2002) , we obtain
where u n on the left hand side is the displacement at x, Δu i is the slip on the qth subfault, c ijkl is the elastic coefficient (for isotropic medium, there are only two non-zero components λ and µ), G nk is the Green's function, and ω is the circular frequency. In order to build up the BIEs, x must be put on the fault plane. However, equation (1) is valid only for inner point. Zhang and Chen (2006a) dealt with this difficulty carefully, they transformed the point on the fault plane to an inner point by excavating a small neighborhood of the point and taking limit. This is the origin of hypersingularity in the BIEs. Detailed analysis revealed that the singularity in the BIEs arises only from direct waves, while free surface does not cause any singularity (Zhang, 2004) . This implies that if the whole BIEs can be divided into two parts: one is related to direct waves, and the other is related to free surface, we only need to deal with the latter. The former is exactly the BIEs based on full-space Green's function (Aochi et al, 2000 . Fortunately, this is true when the half-space Green's function is expressed as wave-number integrals in frequency domain, as shown by Zhang and Chen (2009) . Therefore, in the following, we will focus on the part of free surface, and put the observation point xdirectly on the fault (denoted as x P ). Note that when the observation point x P and the source point ξ are located on the same subfault, normal vector ν is in the same direction as axis x 2 , the derivation will be greatly simplified. According to this, equation (1) can be rewritten as
where ∑ ∫∫
and
are non-coplanar part (denoted by superscript "(nc)") and coplanar part (denoted by superscript "(c)") of the displacement n ũ , respectively.
is the observation point x P located on subfault Σ q 0 . We will deal with these two cases in the following two subsections.
Non-coplanar part of the general BIEs
In this case, ν is not in the direction of axis x 2 , as shown in Figure 2 
By simply taking derivative with respect to x i , we can obtain the shear stress 21 τ and normal stress 22 τ on subfault where the observation point x P is located, Figure 2 Top view of the fault system for solving non-coplanar part of solution. σ 1 and σ 3 are maximum and minimum principal stress, respectively. Σ q 0 and Σ q are subfaults on which observation point x P and source point ξ are located. θ q,q 0 is the angle between subfault Σ q 0 and subfault
Other symbols are the same as those in Figure 1 . 
where, q Σ ′ is the projection of Σ q on Σ q 0 , and ξ 2 =L q (ξ 1 ) is the equation of ξ 2 expressed in ξ 1 , which is obtained from the equation of Σ q in the observation coordinate system. p=λ/µ and η =ν 1 /ν 2 .
Notice that
Applying the relations in equation (7) 
where 
Coplanar part of the general BIEs
In this case, normal vector ν is in the same direction of axis x 2 , as shown in Figure 3 . In the observation coordinate system, whose origin O is located on observation point x P , 0 2 = Δu , and ν =(ν 1 , ν 2 , ν 3 ) = (0, 1, 0). Therefore, the coplanar part of the displacement can be expressed simply as Note that in this case, the source point ξ and observation point x P are located on the same subfault Σ q 0 .
Based on equation (10), the shear stress 21 τ and normal stress 22
τ on subfault where the observation point x P is located can be expressed as (2   3  1  0  1  ,  32  3  2  ,  31  3  1  ,  12  1  2  ,  11  1   1  ,  22  2  2  ,  21  2 
In coplanar case, the regularized integrals can be simplified as that in equation (A2) 
Discrete boundary integral equations
In this section, we apply the box-like discretization scheme (see, Fukuyama and Madariaga, 1998; Aochi et al, 2000) to obtain the discrete BIEs which are convenient for numerical computation. In the source coordinate system, slip rate can be expressed as
where H(⋅) is the Heaviside step function, l 1 ξ ′ and m 3 ξ ′ are the coordinates of point who starts from point B and goes lΔs along fault system on surface and mΔs vertically downward. τ n =nΔt, where Δs and Δt are step size of space and time, respectively. V ′ lmn are slip rate measured in source coordinate system. In the following two subsections, we will derive the non-coplanar part and coplanar part of the discrete BIEs, respectively. 4.1 Non-coplanar part of the discrete BIEs Equation (13) is expressed in the source coordinate system. Since the BIEs in equations (8) and (12) are expressed in observation coordinate system, it is convenient to rewrite equation (13) in observation coordinate system as (14), it is easy to write
Substituting equations (14) and (16) into equations (8) and (B1) in Appendix B and discretizing the observation coordinates, we finally obtain the non-coplanar part of the discrete BIEs as , 
Coplanar part of the discrete BIEs
In this case, slip functijon in observation coordinate system can be accordingly expressed as So far, we have obtained the non-coplanar part and coplanar part of the discrete BIEs, as in equations (18) and (22) . Note that these equations are contributions of free surface. The contributions for direct waves are exactly the same as those for full-space, which can be evaluated by conventional BIEs based on full-space Green's function, such as those in Aochi et al (2000) . In view of this, the complete BIEs for solving dynamic rupture propagation on vertical complex fault system in half-space can be expressed as 
Green's function for half-space and its partial derivatives
According to the discrete BIEs equation (24), it is crucial to compute the kernels full-space kernel (19), (23), (C1) and (C2) in Appendix C. Table 1 lists all the components of partial derivatives of Green's function to be computed. All components of one-order derivatives of Green's function has been presented in Zhang (2004) and Zhang and Chen (2006a) . Based on these components, two-order derivatives of Green's function can be easily obtained by taking another derivative: 
Substituting equations (25) and (28) into equations (C1) and (C2) in Appendix C, respectively, line or surface integration on derivatives of Green's function can be computed by applying proper numerical algorithm. After this, integral kernels in equations (19) and (23) can be evaluated by performing an inverse Fourier transform.
Computation of the spontaneous rupture process
Note that the Green's function itself is expressed as an oscillatory infinite integral on wave-number k in frequency domain, another line or surface integration on such a function will be very time consuming. It is crucial to enhance the efficiency of computation of integral kernels (Zhang and Chen, 2006a) . Otherwise, the BIEs derived above can not be performed practically at all. Fortunately, in the case of vertical fault, symmetry in the geometry can speed up the computation greatly. It is noted that in equations (D1) and (D2) in Appendix D, x 3 and ξ 3 only appears in exponential factors e PP , e SS , e SP and e PS . Therefore, integrals on ξ 3 can be obtained analytically by applying the following result and multiple-integrals is reduce by one-order, which makes the computation of integral kernels much more efficient. By applying the algorithm based on detailed analysis on integrand (Zhang and Chen, 2006a) , the time required to compute integral kernels is fairly acceptable.
Only geometrical quantities are involved in the integral kernels, which implies that as long as the geometry of the fault system is known, integral kernels can be computed in advance. This is an important advantage of the BIEM. When the CFL value (e.g., Madariaga et al, 1998 ) is less than 0.5, only the source points in collocation element (i.e. the source point and observation point are in the same element) at current time step will contribute to the stress component, and slip rate and stress component at past time step are all known. Therefore, for observation point at a given position (i and j) and time (k), there are three unknowns in equation (24):
τ and ijk V 1 ′ . Two equations are not enough to solve three unknowns. To solve a spontaneous rupture propagation problem, another equation is needed. That is the so-called friction law based on rock experiments. A possible choice is the slip-weakening friction law, which is widely used in the dynamic modelings of earthquake source (e.g., Ida, 1972; Andrew, 1976; Day, 1982; Olsen et al, 1997; Fukuyama and Madariaga, 1998) :
where τ is the shear stress, Δu is the slip, D c is the critical weakening displacement, τ p and τ r are peak strength and residual strength, respectively. Solving equations (24) and (30) will produce the final solution. However, it is difficult to directly assign the values of the stress required, such as initial field τ 0 , the peak strength τ p and the residual strength τ r . We follow Aochi and Madariaga (2003) to infer these parameters indirectly by introducing other parameters which are possible to constrain by other means.
Considering the effect of the normal stress, τ p and τ r are not assigned in advance, but connected with the normal stress through static and dynamic frictional coefficients µ s and µ d (Aochi and Madariaga, 2003) :
where σ 0 is cohesive force, and σ n is the applied normal stress on the fault. Suppose that a uniform external load (remote tectonic stress) is applied over all the rupture area. The external principal stress σ 1 , σ 2 and σ 3 are unknown. The intermediate stress σ 2 is supposed to be vertical at all depth in order to permit a strike-slip movement, and it is equal to lithostatic pressure P. For simplicity, we suppose σ 2 =(σ 1 +σ 3 )/2. Letting Δσ=(σ 1 −σ 3 )/2, then the principal stresses are . , ,
Suppose that the direction of the subfault Σ s , from which the rupture starts (the angle between Σ s and the maximum principal stress σ 1 is Φ 0 , see Figure 4a ), is consis- According to equation (31), we have
Substituting equations (37) and (38) into equation (33), we get
from which Δσ can be evaluated as
Given Δσ in equation (40) 
Conclusions
In this article, we derived the BIEs as applied in the modeling of vertical complex fault system embedded in half-space. The BIEs are composed of two parts, contribution from full-space and that from free surface. The former is exactly the same as that obtained based on full-space Green's function (Aochi et al, 2000) . We focus on evaluating the effect of free surface. This is accomplished by solving the non-coplanar part and co-planar part, respectively. Special care is paid to practical computation of the integral kernels and initial field. As stated by Tada (2009) , advantages of the presented BIEM over other numerical methods include (1) easy adaptability to problems that have complex fault geometry, (2) suitability to problems that involve unbounded domains, and (3) separation of the computation of integral kernels and rupture processes. Although the difficulty of dealing with inhomogeneous media should be counted as one of its principal disadvantages, this work pushes forward the BIEM to a more real medium model.
The proposed BIEs need validation and numerical examples to show the capacity and relevance. These are works left to near future.
Appendix A Regularized integrals
For non-coplanar part,
and for coplanar part, 
and for coplanar part, . α and β are P-and S-wave velocity, respectively.
